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Abstract. We discuss several applications of the polynomials associated
with matrices of Hankel structure. These are the problem of localization
of zeros of a univariate polynomial, rational interpolation problem and
the problem of systematic errors detection in the data set. Some results
originated by Jacobi are modernized with constructive computational
procedures.
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1 Introduction

The title of the paper describes the main object of the present research: we treat
Hankel matrices and associated with them Hankel polynomials, i.e., polyno-
mials in one variable x with the following representation in the determinantal
form

Hk(x) =

∣∣∣∣∣∣∣∣∣∣∣

c0 c1 c2 . . . ck
c1 c2 c3 . . . ck+1

...
. . .

...
ck−1 ck ck+1 . . . c2k−1

1 x x2 . . . xk

∣∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

. (1)

Here the entries c0, c1, . . . , c2k−1 (generators of the polynomial) are the elements
of some (finite or infinite) field.

Polynomials of this structure appear in several subfields of Computational
Algebra like that of interpolation by a linear combination of exponential func-
tions, discrete moment problem [9], orthogonal polynomials theory [4], theory of
error correcting codes [7] etc. All of the mentioned (and some others treated in
the following) applications need to evaluate zeros of these polynomials, either in
an infinite or a finite field.

The present paper focuses on three applications of Hankel polynomials. They
are univariate polynomial zero localization, rational interpolation and location
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of systematic errors in the data set. Two of these problems have their origins in
the 19th century, and both are related to Carl Jacobi.

A characteristic feature of the mentioned problems is that their solution re-
quires computation not a single Hankel polynomial but the sequence of them with
increasing orders of the corresponding determinants. This is a nontrivial task for
higher orders. Fortunately, the sequence H1(x),H2(x), . . . possesses a nice prop-
erty: any three consecutive polynomials are linearly dependent. This result was
first established by Jacobi and further developed by his student Joachimsthal.
In Sect. 2, we discuss this issue, especially concerning the details in construc-
tive evaluation of the coefficients in the identity connecting Hankel polynomials.
We also touch on the issue of similarity of this identity with its well-known
counterpart connecting orthogonal polynomials.

In Sect. 3, we discuss the result of Joachimsthal relating the real zero sepa-
ration problem for the univariate real polynomial. In fact, the discussed result is
somehow an alternative to the traditional Sturm sequence construction with the
aid of Euclidean algorithm. This alternative might be useful for the case of zero
separation of a polynomial for which a canonical representation is not available
(like eigenvalue localization of a higher order matrix).

Sect. 4 is devoted to the rational interpolation problem in the ideology of
Jacobi’s approach. An effective computational procedure permits one to compute
the whole family of rational interpolants. Numerators and denominators are
recursively (and independently of each other) computed as the corresponding
Hankel polynomial sequences.

In Sect. 5, we discuss a method of detecting systematic errors in the data set.
This relates to the case where the data set initially generated by some polynomial
is subject to distortion in several values. The number of these erroneous values
and their location is a priory unknown. When is it possible to detect these errors
and restore the original polynomial?

Due to the cumbersomeness of reasoning involving determinantal manipula-
tions, proofs of only key results are presented.

2 Hankel matrices and polynomials

Remark. Slightly modernized proofs of the classical results cited in the present
section are available in [3].

For the sequence {c} := {c0, c1, . . . , c2n} of elements of a (finite or infinite)
field, we treat the Hankel matrix

[cj+k−2]
n+1
j,k=1

and associated with it Hankel polynomials (1). We will denote them either
Hk(x; {c}) or simplyHk(x) if this does not cause misunderstanding; the sequence
{c} is then called the generating sequence for the polynomial.

Remark. The term Hankel polynomial is not commonly used, and we just
follow [5] where it has been first introduced. It should be distinguished from the
notion of Hankel function [8].
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The coefficient of xk in the canonical representation

Hk(x; {c}) ≡ hk0x
k + hk1x

k−1 + · · ·+ hkk

is Hankel determinant

hk0 := Hk({c}) := det [ci+j−2]
k
i,j=1 .

It might be equal to zero and therefore in general degHk(x; {c}) ≤ k.

Theorem 1 (Jacobi, Joachimsthal). Any three consecutive Hankel polyno-
mials Hk−2(x),Hk−1(x),Hk(x) are connected by the identity

H2
kHk−2(x) + (Hkhk−1,1 −Hk−1hk1 −HkHk−1x)Hk−1(x) +H2

k−1Hk(x) ≡ 0 .
(2)

Corollary 1. If hk−1,0 = Hk−1 ̸= 0, then

Hk(x) ≡
(

Hk

Hk−1
x+

hk1

Hk−1
− Hkhk−1,1

H2
k−1

)
Hk−1(x)−

H2
k

H2
k−1

Hk−2(x) . (3)

Theorem 2. The following formulas{
hk0 = Hk = ck−1hk−1,k−1 + ckhk−1,k−2 + · · ·+ c2k−2hk−1,0,

hk1 = −(ckhk−1,k−1 + ck+1hk−1,k−2 + · · ·+ c2k−1hk−1,0)
(4)

permit one to compute hk0 and hk1 using the coefficients of the polynomial
Hk−1(x) already evaluated.

The identity (3) looks very similar to the one that relates orthogonal polyno-
mials [4]. In fact, this similarity has a basis. For an inner product space E with
an inner product ⟨·, ·⟩ satisfying the known axioms, the Gram-Schmidt orthog-
onalization process for the linear independent vectors {X1, X2, . . . } ∈ E can be
formally represented in determinantal form as

E1 := X1, E2 :=

∣∣∣∣ ⟨X1, X1⟩ ⟨X1, X2⟩
X1 X2

∣∣∣∣
⟨X1, X1⟩

, E3 :=

∣∣∣∣∣∣
⟨X1, X1⟩ ⟨X1, X2⟩ ⟨X1, X3⟩
⟨X2, X1⟩ ⟨X2, X2⟩ ⟨X2, X3⟩

X1 X2 X3

∣∣∣∣∣∣∣∣∣∣ ⟨X1, X1⟩ ⟨X1, X2⟩
⟨X2, X1⟩ ⟨X2, X2⟩

∣∣∣∣ , . . .

(5)
Here the determinant in the numerator of each fraction is supposed to be ex-
panded by its last row. For the case where E = R[x] and the inner product for
the polynomials f(x) :=

∑n
j=0 ajx

n−j and g(x) :=
∑n

j=0 bjx
n−j introduced by

either of formulas

⟨f(x), g(x)⟩ :=
∫ b

a

f(t)g(t)d t for some {a, b} ⊂ R, a < b ;
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or

⟨f(x), g(x)⟩ :=
n+1∑
j=1

f(xj)g(xj) for some distinct {x1, x2, . . . , xn+1} ⊂ R ,

the determinants in (5) computed for the system {Xj := xj−1} possess the
Hankel polynomial structure. However, this is not the case for the inner product
defined by

⟨f(x), g(x)⟩ :=
n∑

j=0

ajbj .

Therefore, the well-known relationship

Pk(x) ≡ (Akx+Bk)Pk−1(x)− CkPk−2(x) with {Ak, Bk, Ck} ⊂ R , (6)

connecting three consecutive polynomials of the system {Pk(x) ∈ R[x]}k∈N ob-
tained within the process of orthogonalization of the system {xk−1}k∈N, is valid
only where the Gram matrix of the latter system keeps the Hankel structure.

Recall that the Gram matrix of the linear independent vectors is always
positively definite, while the relation (3) is valid for any Hankel matrix subject
to condition Hk ̸= 0.

Further comments are related to the constants Ak, Bk and Ck in (6). The
expressions for Ak and Ck are identical to their counterparts in (3). If pj0 denotes
the leading coefficient of Pj(x), then

Ak =
pk0

pk−1,0
=

Hk

Hk−1
, Ck =

[
pk0

pk−1,0

]2
=

H2
k

H2
k−1

.

The situation with Bk is somewhat different. In the textbooks on the orthogonal
polynomials Bk are traditionally computed using the orthogonality property of
the sequence {Pk(x)}:

⟨Pk−1(x),Pk(x)⟩ = 0, ⟨Pk−1(x),Pk−2(x)⟩ = 0 ⇒

⟨Pk−1(x), (Akx+Bk)Pk−1(x)⟩ = 0 .

Wherefrom

Bk = −Ak
⟨Pk−1(x), xPk−1(x)⟩
⟨Pk−1(x),Pk−1(x)⟩

. (7)

This representation differs from that in (3), accompanied with the relations (4).
The present authors are able to deduce (7) from (4), however, the opposite is
hardly feasible.

An extra comment relates to an exceptional case in (2), namely whenHk−1 =
0. We restrict our treatment with the following result.

Theorem 3. Let Hk−2 ̸= 0, Hk−1 = 0. If hk−1,1 = 0, then

Hk−1(x) ≡ 0 and Hk(x) ≡
hk2

Hk−2
Hk−2(x) .
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Otherwise

Hk−1(x) ≡
hk−1,1

Hk−2
Hk−2(x)

and

Hk(x)≡
1

H3
k−2

HkHk−2hk−1,1Hk−3(x)−

∣∣∣∣∣∣∣∣
Hk−2 0 0 Hk

hk−2,1 Hk−2 0 hk1

hk−2,2 hk−2,1 Hk−2 hk2

x2 x 1 0

∣∣∣∣∣∣∣∣Hk−2(x)

 .

The last formula allows one to compute consecutively Hk(x) using polynomi-
als Hk−2(x) and Hk−3(x) that were calculated earlier. All the constants on the
right-hand side such as hk−2,1, hk−2,2, hk−1,1 and hk1, are already computed be-
cause they are the coefficients of Hk−2(x),Hk−3(x), or they could be calculated
using formulas presented in Theorem 1 and Theorem 4. The only exception is
hk2. Under the conditions Hk−2 ̸= 0, Hk−1 = 0, it can be evaluated as follows:

hk2 = − 1

Hk−2

k−2∑
j=0

hk−2,jc2k−j−2

2

−
k−1∑
j=1

hk−1,jc2k−j .

3 Real zero localization

For the polynomial f(x) =
∑n

j=0 ajx
n−j (a0 ̸= 0), its Newton sums are formally

defined as symmetric polynomials

sk :=

n∑
j=1

λk
j for k ∈ {0, 1, 2, . . . }

of its zeros λ1, . . . , λn, while their constructive evaluation is performed recur-
sively with the aid of the following Newton identities

s0 = n, s1 = −a1/a0,

sk =

{
−(a1sk−1 + a2sk−2 + · · ·+ ak−1s1 + akk)/a0, if k ∈ {2, . . . , n};
−(a1sk−1 + a2sk−2 + · · ·+ ansk−n)/a0, if k > n.

Compute the sequence of Newton sums {s} := {sk}2n−1
k=0 and generate the se-

quence of Hankel polynomials Hk(x; s).

Theorem 4 (Jacobi, Joachimsthal). Let

Hn({s}) = 0, . . . ,Hr+1({s}) = 0, Hr({s}) ̸= 0, . . . ,H1({s}) ̸= 0 .

Then
(i) The number of distinct zeros of f(x) equals r.
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(ii) The number of distinct real zeros of f(x) equals

P(1, H1({s}), . . . ,Hr({s}))− V(1, H1({s}), . . . ,Hr({s})) .

(iii) The number of distinct real zeros of f(x) within the interval [a, b], a < b,
equals

V(1,H1(a; {s}), . . . ,Hr(a; {s}))− V(1,H1(b; {s}), . . . ,Hr(b; {s})) .

Here P (or V) stands for the number of permanences (variations) of sign for the
given sequences.

This theorem means that the sequence of polynomials {Hk(x; {s})}nk=1 plays
the role of the Sturm sequence for the polynomial f(x). The latter is ‘hidden’
inside Hn(x; {s}):

Corollary 2. One has:

Hn(x; {s}) ≡ Hn({s})f(x) and Hn({s}) = Dx(f(x))/a
2n−2
0 .

Here D stands for the discriminant.

Compared with the Sturm sequence traditionally constructed via Euclidean
algorithm of gcd(f(x), f ′(x)) computation, this Hankel matrices approach yields
the polynomial sequence with increasing orders of polynomials. This circum-
stance might seem like an obstacle to immediate replacement of a well-researched
approach with the one promoted in the present study. To justify the potential
benefits of the alternative, we refer to the fact that the canonical expression of
f(x) might not be available as a starting point for the zero localization proce-
dure. For example, the problem of localization of real eigenvalues for the matrix
A ∈ Rn×n is formally the problem of zeros of the characteristic polynomial
f(x) := det(xI −A). Its computation for generic matrices with order n ∼ 100 is
not a trivial task. At the same time, to start the approach based on Theorem 4,
it is sufficient to recall the well-known relation

sk = Tr(Ak)

yielding the Newton sums of the characteristic polynomial (and therefore by-
passing explicit computation of its coefficients).

Theorem 5 (Joachimsthal). Let the sequence of Hankel polynomials be gen-
erated by an arbitrary sequence {c}. Then

(i) Under the conditions {Hk({c}) ̸= 0}nk=1, the number of real zeros of
Hn(x; {c}) within the interval [a, b], a < b, is not less than |∆[a,b]| where

∆[a,b] := V(1,H1(a; {c}), . . . ,Hn(a; {c}))− V(1,H1(b; {c}), . . . ,Hn(b; {c})) .
(8)

(ii) Under the conditions {Hk({c}) > 0}nk=1, all the zeros of each polynomial
Hk(x; {c}) are real and distinct. The number of real zeros of Hn(x; {c}) within
the interval [a, b], a < b, equals the number (8).
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Example 1. Locate the real zeros of the polynomial Hn(x; {c}) generated by the
sequence {c} = {1/(j + 1)}2n−1

j=0 .

Solution. The corresponding Hankel matrix is nowadays referred to as the
Hilbert matrix, despite the fact that it was first investigated by Jacobi. Accord-
ing with part (ii) of Theorem 5, all zeros of Hn(x; {c}) are real, distinct and
lie within the interval [0, 1]. The latter has been verified by computing Hankel
polynomials of orders up to n = 100 with the aid of recursive relation (3).

4 Rational interpolation

Consider a data set of N pairs {(xj , yj)}Nj=1 of elements of some (finite or in-
finite) field F. It is assumed that all the values {xj} are distinct. The rational
interpolation problem as that of finding a rational function ϕ(x) := p(x)/q(x)
such that {p(x), q(x)} ⊂ F[x] and {ϕ(xj) = yj}Nj=1 is a generalization of the
polynomial interpolation problem. Although the polynomial interpolant is quite
simple to construct, its approximation property suffers from increasing the data
set and, as a consequence, the degree of the interpolant.

Example 2. Given the data set{
xj = −1 +

2(j − 1)

19

}20

j=1

, yj =

{
−1 if j ∈ {1, . . . , 10}
+1 if j ∈ {11, . . . , 20}

generated by the sign function in the interval [−1, 1], for the polynomial in-
terpolant of the 19th degree one has ϕ(18/19) ≈ 693.293934 while ϕ(17/19) =
ϕ(1) = 1. This phenomenon is known as polynomial wiggle. ⊓⊔

In relation to this problem, the use of a rational interpolant could damp
the amplitude of oscillations. An example of a real-life problem in which the
approximated function is rational in its essence is the problem of identification
of transfer function in Control Theory [6].

Several approaches exist for the construction of this rational interpolant. The
one originated by Jacobi in [1] is based on the representation of its numerator
and denominator as appropriate Hankel polynomials.

Theorem 6 (Jacobi). Let {yj ̸= 0}Nj=1. Set

W (x) :=

N∏
j=1

(x− xj)

and compose two sequences of rational symmetric functions of the data setτk :=

N∑
j=1

yj
xk
j

W ′(xj)


2N−2

k=0

and

τ̃k :=

N∑
j=1

1

yj

xk
j

W ′(xj)


2N−2

k=0

. (9)
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If
Hn({τ̃}) ̸= 0 and {Hm(xj ; {τ}) ̸= 0}Nj=1 ,

then there exists a unique rational interpolant ϕ(x) = pn(x)/qm(x) with deg pn(x) =
n,deg qm(x) ≤ m := N − n− 1, and

pn(x) ≡ Hm+1({τ})Hn(x; {τ̃}), qm(x) ≡ Hn({τ̃})Hm(x; {τ}) .

Together with recurrent relationship (3), this theorem provides one with the
opportunity to compute for the given data set the whole family of rational inter-
polants with any combinations of the degrees of the numerator and denominator
satisfying the condition m+ n ≤ N − 1. This also relates to the case n = N − 1
where the Hankel polynomial HN−1(x, {τ̃}) coincides, up to a numerical factor,
with the polynomial interpolant:

HN−1(x, {τ̃}) ≡
(−1)N(N−1)/2∏N

k=1 yk
pN−1(x) .

Along with this representation, an alternative one can be obtained in terms of
the sequence {τ}. Compute the valuesσk =

N∑
j=1

xN+k−1
j

W ′(xj)


N

k=1

.

Despite of their rational-looking form, they happen to be symmetric polynomi-
als in {xj}Nj=1. In modern literature, they are known as complete homogeneous
symmetric polynomials.

Theorem 7. Coefficients of the polynomial interpolant pN−1(x) =

N∑
j=0

Pjx
N−j−1

can be computed recursively using the following formulas

P0 = τ0, Pk = τk − (P0σk + P1σk−1 + · · ·+ Pk−1σ1) for k ∈ {1, . . . , N − 1} .

Proof. The following Euler-Lagrange equalities are valid:

N∑
j=1

xk
j

W ′(xj)
=

{
0 if k ∈ {1, . . . , N − 2};
1 if k = N − 1.

(10)

Therefore,

τk =

N∑
j=1

xk
j yj

W ′(xj)
=

N∑
j=1

(P0x
N−1
j + P1x

N−2
j + · · ·+ Pkx

N−k−1
j + · · ·+ PN−1)x

k
j

W ′(xj)

= P0σk + P1σk−1 + · · ·+ Pk−1σ1 + Pk .
⊓⊔

Next, the Hankel polynomial HN (x, {τ̃}) almost coincides with W (x).
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Theorem 8. The following identity is valid

HN (x, {τ̃}) ≡ (−1)N(N−1)/2∏N
k=1 yj

N∏
k=1

(x− xj) ≡
(−1)N(N−1)/2∏N

k=1 yj
W (x) .

Proof. Let us prove that

HN (xj ; {τ̃}) = 0 for j ∈ {1, . . . , N} .

The linear combination

N∑
j=1

xk
j

W ′(xj)
HN (xj ; {τ̃})

can be represented in determinantal form as

=

∣∣∣∣∣∣∣∣∣∣∣

τ̃0 τ̃1 . . . τ̃N
τ̃1 τ̃2 . . . τ̃N+1

...
...

τ̃N−1 τ̃N . . . τ̃2N−1

τ̃k τ̃k+1 . . . τ̃N+k

∣∣∣∣∣∣∣∣∣∣∣
.

It equals zero for k ∈ {0, . . . , N − 1}. Therefore, we have N linear homogeneous
equalities 

N∑
j=1

xk−1
j

W ′(xj)
HN (xj ; {τ̃}) = 0


N

k=1

valid for N values

{HN (xj ; {τ̃})}Nj=1 . (11)

Since

det

[
xk−1
j

W ′(xj)

]N
j,k=1

̸= 0 ,

all the values (11) are equal to zero. Thus, we know all the zeros of the polynomial
HN (x; {τ̃}), while its leading coefficient is equal to HN ({τ̃}). The latter can be
represented as the product of determinants∣∣∣∣∣∣∣∣∣∣∣

1 1 . . . 1
x1 x2 . . . xN

x2
1 x2

2 . . . x2
N

...
...

xN−1
1 xN−1

2 . . . xN−1
N

∣∣∣∣∣∣∣∣∣∣∣
·

∣∣∣∣∣∣∣∣∣∣

1
y1W ′(x1)

0 . . . 0

0 1
y2W ′(x2)

. . . 0
...

...
. . .

...
0 0 . . . 1

yNW ′(xN )

∣∣∣∣∣∣∣∣∣∣
·

∣∣∣∣∣∣∣∣∣
1 x1 x2

1 . . . xN−1
1

1 x2 x2
2 . . . xN−1

2
...

...

1 xN x2
N . . . xN−1

N

∣∣∣∣∣∣∣∣∣
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=

∏
1≤j<k≤N

(xk − xj)
2

N∏
j=1

yj

N∏
j=1

W ′(xj)

.

It can be easily deduced that

N∏
j=1

W ′(xj) = (−1)N(N−1)/2
∏

1≤j<k≤N

(xk − xj)
2

and therefore

HN ({τ̃}) = (−1)N(N−1)/2

/
N∏
j=1

yj .

This completes the proof. ⊓⊔

With the expressions obtained for HN−1(x, {τ̃}) and HN (x, {τ̃}), one can
compute HN−2(x, {τ̃}) using (2)

HN−2(x, {τ̃})

≡ (−1)N(N−1)/2∏N
k=1 yj

[
pN−1(x)

(
P0x−P1−P0

N∑
k=1

xk

)
− P 2

0W (x)

]
. (12)

In a similar manner, one can utilize (2) reversing it in ‘opposite’ direction, i.e.,
computing lower order Hankel polynomials as linear combinations of those of
higher orders. Thus, for k < N , the computational relation takes the form

Hk−2(x, {τ̃})

≡

(
k̃k−1,0

h̃k0

x+
h̃k−1,0h̃k1

h̃2
k0

− h̃k−1,1

h̃k0

)
Hk−1(x, {τ̃})−

h̃2
k−1,0

h̃2
k0

Hk(x, {τ̃}) . (13)

Here Hk(x, {τ̃}) :=
∑k

j=0 h̃kjx
k−j . At first glance, such a possibility seems un-

availing. We postpone the reason pro it till the next section.
We complete the present section with a comment relating the approximation

properties of rational interpolants; here we address the problem in R, i.e., data
sets are given in R2 and polynomials belong to R[x]. Assuming x1 < x2 < · · · <
xN , it is often necessary to select an interpolant without singularities within the
interval [x1, xN ]. This is reduced to the problem of denominator real zeros local-
ization. The specificity of the problem brings us back to Section 3. Theorem 5
furnishes one with constructive criteria if all the related computations of Hankel
polynomials are pre-done for the rational interpolant family construction.

For the data set of Example 2, the rational interpolant ϕ(x) = p9(x)/q10(x)
with

p9(x)
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:= 20x
(
84917815205x8 + 251225004540x6 + 107428031214x4 + 8025889180x2 +69835221

)
and

q10(x) := 322687697779x10 + 3874933988565x8 + 4077585359022x6 + 737302649210x4

+20787353199x2 + 34459425

does not have singularities in R. Approximation error for the sign function
within the intervals ±[0.1, 1.7] does not exceed 10−3, while |ϕ(x)| < 1 within
[−0.05, 0.05]. The polynomial wiggle effect mentioned in Example 2 is therefore
compensated.

5 Location of systematic errors in the data set

Consider now the polynomial interpolation problem for the case of redundant
data set, that is, we treat the data set with N values, while the polynomial
f(x) satisfying the conditions {f(xj) = yj}Nj=1 presumably has a degree less
than N − 1. It is possible to verify this suspicion and find the true degree of the
interpolant with the aid of expressions (9).

Theorem 9. For the polynomial interpolant computed for the data set
{(xj , yj)}Nj=1 to have the order n < N − 1, it is necessary and sufficient to
satisfy the following conditions

τ0 = 0, . . . , τN−n−2 = 0, τN−n−1 ̸= 0 . (14)

Proof evidently follows from equalities (10). ⊓⊔
Next, assume that the data set values {yj}, originally computed for some

polynomial, are subject to corruption. In case of non-systematic errors in the data
set in R, the traditional approach for restoring the polynomial of a degree n ≪ N
approximating {yj} is the (polynomial) least squares method. We intend to focus
here on the problem of systematic errors occurrence. Let the mayor part of the
data set {yj} be the correct values of some polynomial f(x), n := deg f < N−1,
while just a few of them do not satisfy the relations f(xj) = yj . The number of
these erroneous values and their location is unknown a priori.

Then one may expect that generically the degree of the interpolant formally
constructed by this corrupted data set would be greater than n, and, therefore,
some of the equalities (14) would be violated. This provides a sufficient condition
for the existence of an error in the data set. We denote by E the number of these
errors.

Theorem 10. Let E ∈ {1, 2, . . . , ⌊N/2⌋−1} and e1, . . . , eE be distinct numbers
from {1, 2, . . . , N}. Let the polynomial f(x) be of degree n < N − 2E. Let the
data set {(xj , yj)}Nj=1 satisfy the conditions

(i) yj = f(xj) for j ∈ {1, . . . , N} \ {e1, . . . , eE},
(ii) ŷes := f(xes) ̸= yes for s ∈ {1, . . . , E}.



12 A. Uteshev et al.

Then the zeros of Hankel polynomial

HE(x; {τ}) :=

∣∣∣∣∣∣∣∣∣∣∣

τ0 τ1 τ2 . . . τE
τ1 τ2 τ3 . . . τE+1

...
...

...
...

τE−1 τE τE+1 . . . τ2E−1

1 x x2 . . . xE

∣∣∣∣∣∣∣∣∣∣∣
coincide with those values of xj where the data set values yj differ from f(xj).
In other words,

HE(x; {τ}) ≡ κ

E∏
s=1

(x− xes) where κ :=

E∏
s=1

(yes − ŷes)
∏

1≤s<t≤E

(xet − xes)
2

E∏
s=1

W ′(xes)

.

(15)

Proof. Without loss of generality, assume {es = s}Es=1. Denote

θℓ :=

E∑
s=1

εsx
ℓ
s

W ′(xs)
, where εs := ys−ŷs for s ∈ {1, . . . , E}, ℓ ∈ {0, 1, 2, . . . } .

Represent the expression for τℓ in the form

τℓ =

E∑
s=1

εsx
ℓ
s

W ′(xs)
+

N∑
j=1

f(xj)x
ℓ
j

W ′(xj)
= θℓ where ℓ ∈ {0, . . . , N − n− 2} .

Here the last equality follows from (10). Rewrite the expression for HE(x; {τ}):

HE(x; {τ}) ≡ HE(x; {θ}) ≡

∣∣∣∣∣∣∣∣∣∣∣

θ0 θ1 . . . θE−1 θE
θ1 θ2 . . . θE θE+1

...
...

...
...

θE−1 θE . . . θ2E−2 θ2E−1

1 x . . . xE−1 xE

∣∣∣∣∣∣∣∣∣∣∣
.

The set of zeros of this polynomial coincides with {x1, . . . , xE}. This follows
from the equalities

E∑
s=1

εsx
ℓ−1
s

W ′(xs)
HE(xs; {θ})

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

θ0 θ1 . . . θE−1 θE
θ1 θ2 . . . θE θE+1

...
...

...
...

θE−1 θE . . . θ2E−2 θ2E−1
E∑

s=1

εsx
ℓ−1
s

W ′(xs)

E∑
s=1

εsx
ℓ
s

W ′(xs)
. . .

E∑
s=1

εsx
ℓ+E−2
s

W ′(xs)

E∑
s=1

εsx
ℓ+E−1
s

W ′(xs)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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=

∣∣∣∣∣∣∣∣∣∣∣

θ0 θ1 . . . θE−1 θE
θ1 θ2 . . . θE θE+1

...
...

...
...

θE−1 θE . . . θ2E−2 θ2E−1

θℓ−1 θℓ . . . θℓ+E−2 θℓ+E−1

∣∣∣∣∣∣∣∣∣∣∣
= 0 for ℓ ∈ {1, . . . , E} ,

since the ℓth row is identical with the last row. These equalities compose the sys-
tem of E linear homogeneous equations w.r.t. the values {HE(xs; {θ})}Es=1. The
determinant of this system can immediately be transformed to the Vandermonde
one

det

[
εsx

ℓ−1
s

W ′(xs)

]E
ℓ,s=1

=

E∏
s=1

εs

E∏
s=1

W ′(xs)

det
[
xℓ−1
s

]E
ℓ,s=1

=

E∏
s=1

εs
∏

1≤ℓ<t≤E

(xt − xℓ)

E∏
s=1

W ′(xs)

.

It differs from zero because of the assumptions of the theorem. Therefore, all the
values {HE(xs; {θ})}Es=1 are equal to zero, and

HE(x; {τ}) ≡ C

E∏
s=1

(x− xs)

with some factor C ∈ F. The expression for the leading coefficient of the last
polynomial is similar to the determinant just computed∣∣∣∣∣∣∣∣∣

θ0 θ1 . . . θE−1

θ1 θ2 . . . θE
...

...
...

θE−1 θE . . . θ2E−2

∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣
1 1 . . . 1
x1 x2 . . . xE

...
...

...

xE−1
1 xE−1

2 . . . xE−1
E

∣∣∣∣∣∣∣∣∣ ·
∣∣∣∣∣∣∣∣∣∣∣∣∣

ε1
W ′(x1)

0 . . . 0

ε2
W ′(x2)

. . . 0

...
...

. . .
...

0 0 . . .
εE

W ′(xE)

∣∣∣∣∣∣∣∣∣∣∣∣∣
·

∣∣∣∣∣∣∣∣∣
1 x1 . . . xE−1

1

1 x2 . . . xE−1
2

...
...

...

1 xE . . . xE−1
E

∣∣∣∣∣∣∣∣∣
=

E∏
s=1

εs
∏

1≤ℓ<t≤E

(xt − xℓ)
2

/
E∏

s=1

W ′(xs) .

This completes the proof. ⊓⊔

In the theory of the error correcting codes [7], the counterpart of the poly-
nomial (15) (that is computed in the finite field arithmetics) is called the error
locator polynomial. To find this polynomial, one should proceed with the
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Hankel polynomials {Hk(x; {τ})} for the subscript k successively assuming the
values 1, 2, . . . The zero set of each successive polynomial is sought as a subset
of {xj}Nj=1. The process terminates when this condition is satisfied.

Remark. For simplicity in presentation, we exemplify the results by the data
sets with {xj}Nj=1 ⊂ Z and {yj}Nj=1 ⊂ R.

Example 3. The data set

x −2 −1 0 1 2 3 4
y 30 −7 8 9 11 35 60

contains some erroneous values of a polynomial of degree less than 6. Locate
these values.

Solution. The presence of at least one error in the data set can be established
by Theorem 9. Compute the polynomials {Hk(x; {τ})}:

H1(x; {τ}) ≡
1

80
(3x+ 38), H2(x; {τ}) ≡ − 77

320
(x+ 1)(x− 2), . . .

The last polynomial has its zeros among {−2,−1, . . . , 4}. According to Theorem
10, one may expect that x2 = −1 and x5 = 2 correspond to erroneous values.
This is indeed the case, since the rest values {(xj , yj)} define the ‘true’ inter-
polant f(x) = 4x2 − 3x+ 8. ⊓⊔

It turns out that the polynomial f(x) can be extracted from another sequence
of Hankel polynomials, namely that is generated by the sequence {τ̃} defined by
(9).

Theorem 11. Let E ∈ {1, 2, . . . , ⌊N/2⌋ − 1}. Let f(x) =
∑n

j=0 ajx
n−j , a0 ̸= 0

and n < N − 2E. Let the data set {(xj , yj)}Nj=1 satisfy the conditions (i) and

(ii) from Theorem 10 and {yj ̸= 0}Nj=1. Then

Hn+E(x; {τ̃}) ≡ κf(x)

E∏
s=1

(x− xes) (16)

where

κ := (−1)nN+n(n+1)/2+EaN−n−2E−1
0

E∏
s=1

(yes − ŷes)
∏

1≤s<t≤E

(xet − xes)
2

E∏
s=1

W ′(xes)

N∏
j=1

yj

.

If n < N − 2E − 1, then

HN−E−1(x; {τ̃}) ≡
(−1)E+(N−n)(N−n+1)/2

aN−n−2E−1
0

Hn+E(x; {τ̃}) . (17)

If n < N − 2E − 2, then

Hn+E+1(x; {τ̃}) ≡ 0, . . . ,HN−E−2(x; {τ̃}) ≡ 0 . (18)



Hankel Polynomials and their Zeros 15

Thus, for the data set from Example 3, the polynomialH4(x; {τ̃}) is reducible
over Z:

H4(x; {τ̃}) ≡ − 1

1451520000
(x− 2)(x+ 1)(4x2 − 3x+ 8) .

Remark. Consider the case where there are errors in the data set. To carry
out the detection of the candidate for the error locator polynomial by Theo-
rem 10, it is reasonable to use the ascending order of the Hankel polynomials
{Hk(x, {τ})} (the occurrence of one error in the data set is a more likely event
than that of two, etc.). In contrast to this, the computation of the true inter-
polant f(x) according to Theorem 11 should be performed in the descending
order of polynomials {Hk(x, {τ̃})}. From this point of view, it is meaningful to
compute the latter sequence using the reverse variant of the Jacobi-Joachimsthal
identity, namely, by formulas (12) and (13). In this variant, the computation of
both Hankel polynomial sequences could be managed via only the first sequence
(9), since Theorem 7 and Theorem 8 provide the opportunity to avoid compu-
tation of the sequence {τ̃}.

We finally consider the case where the data set is subject to both type of
errors, i.e., systematic and non-systematic.

Example 4. Find a square polynomial that probably generates the following data
set

x −2 −1 0 1 2 3 4 5 6 7
y 51.7 20.2 1.5 7.2 7.7 17.1 69.5 120.0 190.2 265.9

.

Solution. Compute Hankel polynomials {Hk(x, {τ})} of successive degrees
and, for each of them, check if all its zeros are real and inside [−3, 8]. Only two
polynomials satisfy this condition. Up to numerical factors, they are

H2(x, {τ}) ≈ x2 − 3.818962x+ 1.463764 with λ1 ≈ 0.432202, λ2 ≈ 3.386761

and
H3(x, {τ}) ≈ x3 − 9.935790x2 + 26.38652x− 16.225426

with λ1 ≈ 0.881611, λ2 ≈ 3.081319, λ3 ≈ 5.972859. One may expect that
H3(x, {τ}) could be treated as the error locator polynomial and that systematic
errors occur at x = 1, x = 3 and x = 6. Excluding the corresponding data from
the data set and applying the least squares algorithm, we obtain the square
approximant

6.966432x2 − 11.065977x+ 1.830405 .

This looks like nice correspondence with the ‘true’ polynomial: the data set has
been first generated by f(x) = 7x2−11x+2 and then falsified in several values.

6 Conclusions

The effectiveness of the approach developed in the present study is based on two
features. The first one is related to the problem statement. Each of the treated
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problems assumes the construction not of a single polynomial but a sequence
of polynomials. For the zero localization problem, this is the Sturm sequence,
for the rational interpolant construction, this is the sequence of numerators and
denominators of successive orders, while for the systematic error detection this is
the sequence of potential candidates for the role of the error locator polynomial.
The second complementary feature is the recursive relation that connects the
polynomials of the sequences. This relation is due to the Hankel structure of
these polynomials.

The direct extension of the approach to the problems where this structure
is observed, like the one of interpolant construction as a linear combination of
exponential functions, looks promising. Another challenging problem for further
investigations is the multivariate rational interpolation.

The authors consider the present modest work as a tribute to the achieve-
ments of 19th century scientists.
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