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Consider the system of differential equations
(1) dzi/dt = fi(z1,...,z6) (i =1,2,... k).

Here fi(z1,-..,zx) (i = 1,...,k) are homogeneous polynomials (forms) of a degree n. For
brevity, we shall say that the system (1) is as. stable if an equilibrium z; = -+ = &, =
0 is asymptotically stable. We shall say also that the continuosly differentiable function
V(z1,--.,Tx) solves the stability problem for the system (1) if its derivative with respect to
(1), i.e. the function

K
dv/dt|,, = g f:0v/oz;
is sign-definite.
THEOREM 1. [1] For the system (1) to be as. stable it is necessary and sufficient that there

exist positive-definite homogeneous functions V and W of order m and m+n — 1 respectively
such that dV/dtIm =-W.

The evident question may be posed: is it possible to choose functions ¥V and W quoted in
Theorem 1 in the class of forms?

For n = 1 the positive answer is given by Lyapunov theorem [2]: if a linear system (1) is
as. stable, then for any even m there exist forms ¥V and W satisfying the Theorem 1.

Let us consider now the system

@ dr/dt = P(z,y), dy/dt = Q(z,y)

where P and @ are forms of a degree n > 3.

Definition 1. In the space of coefficients of the system (2) right-hand sides let us denote
the set of as. stable systems by AS(n), let LS., (n) be such a subset of AS(n) that the as.
stability problem for a system of this subsei may be solved with the help of a form V of

degree m.
The main result of the present note is the following

THEOREM 2. For arbitrary m : AS(3) # LSy.(3).

In other words: for any m given there exists an as. stable system (2) where P and @ are
forms of degree 3 such that the derivative of any form V of degree m with regard to this
system will not be a negative-definite function.
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LeEmMA 1. For the system

3) dr/dt = az® — 3, dyfdi =2 —ay®, O<a<l,
(0,0) is a center. For the systemn
@ do/dl = (a—e2® —p®, dy/di =2 -y, O<e<a<],

(0,0) is a stable focus.
The proof is given in [3], [4].

LiemMa 2. For the system (3) the polynomial integrals of a degree m — 2r exist only for
finite number of values of c.

PROOF: Suppose that this integral exists. We get V(z,y) = Aoz™ + Aig™ 'y +---+
Any™, Ag #0and dV/dt |(3) = 0. From the latter equality we obtain the homogencous linear
system of (m + 3) equations from (m + 1) unknowns Ao, ..., Am. This system possesses the
following property: if it has & solution A() = (Ag, Ay, ..., Am), then it necessarily has alsoa
solution A®® = (A, Am—1, - - -, Ao) and, consequently, a symmetric one: A® =aM4A® =
(Ao + Amy A1 + Am—1, -« Am + Ag). A® # 0 (otherwise, A,, = —Ap and function Vis
{sign-) indefinite; this contradicts, however, the fact that (0,0) is a center). Thus, if there
exists a polynomial integral for the system (3), then there exists also a symmetric polynomial
integral. Therefrom, we may consider that A; = Am—,.

Denote u = z/y+y/z. Then ¥ = (zy)"V1 (u) and deg Yy = r. By the condition dV/dt I(3) =
0, we have the equation

dlnV, uta
®) dul = a

Integrating it, we obtain

u?—ou—2

V| = C(u — ul)rBl (‘U. == ug)r‘B’,

2i_a_+§, Bz = 1i—-ia—-,C=~';0nst..

2 ! 27 2/ +8
V), is a polynomial of degree 7 if and only if 0 < 3a/va? + 8 = p/r <1, where p € Nand p+r
is even. Thus, polynomial integral of a degree m = 2r exists only if a = 2p\/2/ (97‘5 - pi), p<
r, p+ r is even. It does not exist for r = 1, 2; for r = 3 the polynomial integral exists if
a = 1/+/10; for 7 = 4 the polynomial integral exists if & = /8/35, etc.

1,2 =

Definition 2. Every such a value of the a will be called a critical one.
By Lemma 2, the set of such parameters lying in the interval (0, 1) is at most countable.

LEMMA 3. Consider a form of two variables of a given degree in the space of its coefficients.
Then the set of semi-definite forms (of & fixed sign} complemented by 0-form is closed.

Proor: There exists a bijection between the set of sign-definite forms of two variables and
the set of polynomials of one variable without real roots: V(z,%) « V{(u,1). In the space of
coefficients of a polynomial V(u,1) the transition from the set of absence of real roots into
the set of their presence is possible only by intersection of the manifold consisting of the
points which correspond to the polynomials with multiple roots. In addition, multiplicity of
each multiple root is even if it happens to be real. Thus, the limit of an arbitrary convergent
sequence of semi-definite forms of a fixed sign must be either semi-definite or O-form. B
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LEMMA 4. Let V(z,y) and W(z,y) be the forms, where W is positively semi-definite and
dv/dt |(2) = —W. Then (0,0} is not a center.

PRrOOF: We shall use the following

THEOREM 3. [5, p. 28] If there exists a positive definite function V(z1, ..., %k) such that
dv/di | @ <90 outside M and dV/dt |(1) < 0 on M, where M is a set which contains no entire

trajectories apart from O = (0,...,0), then O is as. stable.

Suppose on the contrary that the assertion of Lemma 4 is false, i.e. {0,0) is a center.
Since W is a homogeneous function, the set W = 0 may be either (0, 0) or the family of lines
passing through (0, 0). Both possibilities contradict to Theorem 3. B

Let us prove now the main Theorem 2. Consider the set of as. stable systems (4). Let
the assertion of the theorem be false, i.e. for every a and e there exist two forms Va.c(z, y)
and W, (z, ) of degrees m and m + 2 respectively satisfying Theorem 1. Let us normalize

the coefficients of the set of forms Va,«(z, 1) by the condition } A? = 1 (this may be always

i=0
done because for any positive constant C' the form CV(z, y) solves also the stability problem
for (4)). Then the coefficients B; of the forms W, (z, ¥) happen to be bounded:

mi12
3" B < (4m)*(m +3).

=0

Let @ be fixed. In the space of coefficients of forms Wae(z,y) consider the set (Bg(e),
Bi(e),---,Bm2())(0 <e < @). It is bounded. Thus, as € — +0 it is possible to choose
a convergent subsequence in this set. Its limit will be the point representing the form
Wao(z,y)- By Lemma 3, this form may be either positive semi-definite or identically 0.
Choose a non-critical a. Wao(2,y) # 0 (otherwise Vo,0(z, y) is a nontrivial integral of (3)).
By Lemma 4, Wa g can not be also a positive semi-definite one. Contradiction completes the

proof. i
M
CoroLLARY. Forany M : AS(3) # |J LS-(3)-
: r=2

It is evident that if a form V solves the as. stability problem for the system (2), then
any of its positive powers solves also that problem. Choose m = the least common multiple
(2,..., M) and apply Theorem 2.

Example. The as. stability problem for the system (4) where a = 1,2, € = 1/4 can not
be solved by means of a quedratic form.

Solution. Let V = asz? + 2012y + a2y%, ag > 0, az > 0, a2 < agas.

1. Let ap > 0. V = ai(Aoa? + 22y + Asy?), where A = aifar > 0 (i = 0,2). Let
Wiz, y) = dV/dtg- W(0,1) = 2a:(—1 - Ag/2) < 0, W(1,0) = 2a,(1+ Ao/4) > O, thus, W
is indefinite.

2. Let a1 < 0. V = —a(Agz® — 2zy + A23?), where A; = —aifar > 0, (i =0, 2).
W(0,1) < 0 if Ay > 2, W(¥/4,1) < 0if Az < ¥4, conditions on Aj are inconsistent.

3. Let a7 = 0. W(1,0) > 0, W(1,0) <0, therefore Lyapunov function V(z,y) can not ve
found in the set of quadratic forms. i
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Two interesting problems should be noted:

1. AS(n) = @st,(n) ?
2. LSom(n) € LSzmy2(n) ?

The author takes this opportunity to thank V. I. Zubov for suggesting the problem and
for directing the work.
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